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Abstract
This paper presents a mathematical and computer model
of the triple-tethered aerostat proposed to support the
receiver in a very large radio telescope antenna. The
dynamics model considers the system as a set of three
(or more) tethers, attached at fixed points on the
ground, which come together at a spherical confluence
point in which the receiver is located. Also attached to
the confluence point is a leash tied to an aerostat
overhead. The aerostat provides the necessary lifting
force to keep the system aloft. At the ground attachment
points, winches pull on the tethers to maintain the
confluence point at its desired location. To investigate
the performance of this system, we assembled a
numerical model of its equations of motion. The tethers
and leash were discretized into a number of elements
using a lumped mass approach. The effects of cable
stiffness, internal damping, gravity and aerodynamic
drag as well as winds and turbulence were included in
the model.  The spherical confluence point and aerostat
were modeled to include the effects of aerodynamic
forces, as well as gravity and buoyancy. A controller
was then developed to control the tether lengths in
response to errors in the receiver position from a
desired location. The complete system of almost 200
simultaneous first-order differential equations was
formulated and solved numerically using a fourth-order
Runge-Kutta integration scheme. Numerical
experiments on this system indicate that the system can
be accurately controlled in the presence of disturbances
and that the concept warrants further study.

Introduction
Radio astronomers from around the world1 have
focussed recently on the need for a new radio telescope
that would enable the direct observation of the
formation and evolution of galaxies from gases in the
universe.2 To do this, requires an increase in sensitivity

of roughly two orders of magnitude over existing radio
telescope arrays---to a collecting area of 106 m2 and is
thus dubbed the Square Kilometer Array (SKA).  One
such conceptual design originates from the National
Research Council of Canada’s Herzberg Institute of
Astrophysics and consists of an array of about 30 very
large antennas, each of about 200-300 m diameter. The
proposed novel antenna design,3 a single one of which
is depicted in Figure 1, is called the Large Adaptive
Reflector (LAR).

Figure 1. The Proposed Large Adaptive Reflector8

The LAR design is based on the premise that building a
large scale steerable radio antenna will require new
concepts in the design of structures to achieve the
required strength and stiffness at a reasonable cost.  The
focus of each reflector will consist of a receiver held
aloft at an altitude of R = 500 m by a tethered aerostat.
To fulfil its function, the receiver must be positioned
accurately at points on the surface of a hemisphere of
radius R, centered at the center of the reflector.  This
will be accomplished by adjusting the tether lengths.  It
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is also envisioned that the variable-length tethers will
allow some measure of control of the receiver position
in response to disturbances such as wind gusts.

A key issue which will determine whether the LAR
design is feasible is that of positioning accuracy of the
receiver. Among the questions which must be answered
are: how much will typical winds and gusts disturb the
receiver position ? and how effective might the tether
winches be at overcoming these effects ?

Tethered and moored aerostat systems have received
limited attention in the literature4,5 and these have
usually consisted of a large streamlined aerostat
constrained by a single tether. These studies have
focussed on the open-loop (uncontrolled) behavior of
such systems. One key issue in modeling these systems
is that of determination of the aerodynamic
characteristics of the aerostat.6,7 The aerostat design for
LAR has not yet been finalized and may be spherical or
streamlined. Some prior work at the National Research
Council of Canada8 dealt with a triple-tethered aerostat
system, but focussed primarily on its static or steady-
state performance.

Since a prototype would be prohibitively expensive to
construct at this stage, a mathematical model and a
computer simulation were assembled to study the
dynamics and control of the system. These may be used
for proof of concept studies and as design tools. A
model of the planetary boundary layer mean wind and
turbulence is implemented to investigate the effect of
these disturbances on the system. A range of typical
strong winds from a range of azimuthal directions are
used and their effect is quantified with the receiver at a
variety of zenith and azimuth angles (i.e. different
receiver positions on its hemispherical trajectory). The
effectiveness of the tether winches at controlling the
receiver position is then evaluated using a simple
controller consisting of independent PID loops on each
tether.

Model Overview
The complete tethered aerostat system is shown
diagrammatically in 2-D in Figure 2. The model
consists of the following elements: (a) an aerostat of 40
KN gross lift,  (b) a leash joining the aerostat to the
receiver below it, (c) the receiver which is enclosed in a
spherical shell, and (d) three elastic tethers from the
ground to the common attachment point at the receiver.
The aerostat is modeled as a single mass at the upper
node of the leash, subject to buoyancy, aerodynamic
drag (generated by winds and gusts), and gravity.
Added mass of the aerostat is included, since it is large.
The leash and tethers are modeled as a series of discrete
cable elements connected by frictionless revolute joints.

This effectively neglects the effects of bending stiffness
since the dominant forces are due to tension. The mass
of each element is lumped into its respective end nodes.
The payload is modeled as a spherical point mass
subject to gravity and aerodynamic drag.

The forces in the cable model are broken down into
two types: internal and external forces. Forces
generated within the cable are called internal forces and
are due to axial stiffness and internal damping. Forces
exerted on the rope by the environment are external
forces, and consist of the aerodynamic drag and
gravitational forces. The equations for internal forces
and the drag forces are developed in an elemental body-
fixed frame, while the equations for the gravitational
forces are developed in an inertial frame.  The motion
equations are written in the inertial frame, and thus all
forces must be transformed into that frame prior to
inclusion in these equations.

Figure 2.  Discrete Implementation of Tethered Aerostat
System

Cable Model
Two distinct types of orthogonal reference frame are
used in the development of the mathematical model, an
inertial reference frame and a series of body fixed
reference frame placed at the nodes along the cables.
The inertial reference frame (X, Y, Z) is defined with its
origin located at the ground, at the center of the three
tether attachment points. The X axis is in the horizontal
plane and directed from the origin of the inertial frame
to the base attachment point of Tether #1. The Z axis is
vertical and positive upward, as shown in Fig. 2.
Finally, the Y axis completes a right-handed coordinate
system. The elemental body-fixed frame (p1, p2, q), is
defined relative to each cable element, where p1 and p2
are the local normal and binormal directions, while q is
the local tangent to the cable.

node 1

node 3

node 2
element 1

element 2

node n

node n-1

node n-2
element n-2

element n

element n-1

node n+1

Z

X

Y

Aerostat

Payload (receiver)

Leash

Tether



216
American Institute of Aeronautics and Astronautics

The solution of continuous cable models subject to
general external forces is usually not possible and it is
therefore considered more expedient to use a discrete
model. The present work applies a lumped mass model
with which we have a great deal of experience. This
model has been validated for a variety of underwater
systems with excellent agreement with in-field
measurements. 9,10,11

Kinematics
The position of each node is described with respect to

an inertial reference frame, by a three-component vector
ri = [ri

X  ri
Y  ri

Z]T.  Each cable element is considered to
be a straight elastic element, subject to forces at its end
points. This method of modeling allows each cable
element to possess distinct properties, such as density
and stiffness.

The orientation of each cable element is represented
using a Z-Y-X (�, �, �) Euler angle set. These three
successive rotations align the inertial frame with the i-th
body frame. Since the torsion of the cable is not
included in the model, the � rotation about the inertial
Z axis is constrained to zero. The resulting orthogonal
rotation matrix which transforms vectors from the body-
fixed frame of the i-th element to the inertial frame is
denoted as10
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The Euler angles can be calculated from the coordinates
of the appropriate nodal end points. For example,
consider the i-th cable element which is bounded by
nodes i and i-1, shown in Fig. 3.

When expressed in the body frame, the only non-zero
component of the vector ri-ri-1 is in the tangential
direction. In component form, we have:
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where li, the length of the i-th element, is given by
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Figure 3. The i-th Cable Element.

Substitution of (1) into (2) results in the following set of
equations10
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which can be combined to yield
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The solution for �i can then be found in either of two
ways, depending on which is more numerically stable:

i
i

i
X

i
Xi

Y
i

Y
i

i
i

i
Z

i
Zi

Y
i

Y
i

rr
rr

rr
rr

��
�

�

��
�

�

sincos  if     
sin

)(
),(atan2

sincos  if     
cos

)(
),(atan2

1
1

1
1

��
�

�
�
�

� �
��	


�
�

�
�
�

� �
��	

�

�

�

�

(6)

Thus, (5) and (6) are our desired relations which allow
us to find an element’s Euler angles from its nodal
coordinates.

Internal Forces
The internal forces acting within an element are due to
its viscoelastic properties. These are represented
schematically in Fig. 4.

The tension in the cable due to its structural stiffness is
considered to act only in the tangential direction and is
modeled by a linear function relating tension and strain

i
u

i
u

i
i

q l
ll

AET
�

�� ��                 ,                  (7)

where li
u is the unstretched length of the i-th element, A

is its cross sectional area, E is the effective Young’s
modulus of the cable, and � is the strain. The tension is
set to zero if the strain becomes negative. However, this
condition was never reached in the cases investigated
since the aerostat buoyancy is very large in relation to
the weight of the system aloft.
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Figure 4. Schematic Representation of the Internal
Forces

The friction between the braids of the cable tends to
create a damping effect.  This effect is assumed to be
linear with the following relationship between strain
rate and damping force
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where vi
q is the velocity of the i-th node in the tangential

direction.

External Forces
The external forces acting on the cable element are
those due to aerodynamic drag and gravity. The drag
forces acting on the cable element can be calculated
according to10
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where Di is the aerodynamic drag force represented in
the body-fixed frame with components Di

p1, Di
p2 and

Di
q; � is the local density of air; dc is the cable diameter;

Cd is the normal drag coefficient of the cable; and vi is
the local velocity of the geometric center of the i-th
cable element with respect to the surrounding air, with
components vi

p1, vi
p2, and vi

q. These velocities must
account not only for the motion of the cable element,
but also the motion of the surrounding air (to be
discussed in a later section). In each of the above
equations, the drag coefficient is modified by an
appropriate loading function, fp or fq which are functions
of �, the relative angle between the i-th element and the

incident fluid flow. These loading functions account for
the nonlinear breakup of drag between the normal and
tangential directions. Driscoll and Nahon9 surveyed
several papers12,13,14 which studied marine cable in a
variety of towing conditions and arrived at the
following synthesis of these models   
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where � is expressed in radians and 0 � � � �/2.  The
relative velocity of the flow over the geometric center
of a particular cable element is found by averaging  the
relative velocities of its two end nodes, where the
relative velocity of the air over node i is a function of
the air velocity as well as the velocity of the node:
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where UX
i, UY

i, and UZ
i are the local air velocity

components at node i due to the mean wind and air
turbulence. Once the drag for elements i and i+1 are
calculated, half of each value is applied to the i-th node
which joins the two elements.

Finally, the equation for the net gravitational force
acting on a cable element in the inertial frame is:
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where �c is the density of material of the element; and g
is the acceleration due to gravity.

Aerostat and Payload Models
In the present work, the aerostat is assumed to be
spherical. Although a streamlined aerostat of equivalent
lift would have significantly lower drag, and therefore
be less affected by the local wind, it would also be
much more expensive to purchase and operate. It was
therefore preferred to first investigate the feasibility of
using a spherical aerostat, while leaving the streamlined
aerostat as a future backup option, should the spherical
aerostat not be controllable to the required precision.

The payload located at the upper confluence point of
the three tethers contains the antenna receiver and is
assumed to be spherical in shape. Thus, for both the
aerostat and the payload, we can write

                      2
2

42
1 vdCD d

�
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where D is the aerodynamic drag force; d is the aerostat
or payload diameter; Cd is the normal drag coefficient;
and v is the local velocity of the geometric center of the
aerostat or payload, relative to the surrounding air. The
variation in drag coefficient of a spherical object from
0.4 to 0.15, depending  on the Reynolds number of the
flow,15 was included. Once the drag force is calculated,
it is decomposed into its inertial frame components for
later incorporation into the motion equations.

The added mass of the aerostat and payload were
included in the model since they are large. These were
calculated as half the displaced air mass of the
corresponding spheres.16

Assembly of the Motion Equations
Once all the internal and external forces described
above have been expressed in the common inertial
frame, the equations governing the motion of each node
can be written as

)(
2
1         

)()(

11

11

ggDD

PTPTrM
��

��

����

����

i
c

i
c

ii

iiiiii

mm

��

                        (12)

where Ti and Pi are the elastic and damping force
vectors generated in the i-th element; Di is the
aerodynamic drag force vector on the i-th element; mc

ig
is the gravitational force acting on the i-th element. The
drag, weight and buoyancy of the payload and aerostat
are simply added to the appropriate cable nodes (at the
lower and upper ends of the leash, respectively). All the
node equations are then assembled and integrated
simultaneously for ri the position of node i in inertial
space.

Mean Wind and Turbulence Model
A wind model was incorporated in order to determine
its effect on the tethered aerostat system. It consists of a
height-dependent mean wind profile on which are
superimposed turbulent gusts which also vary with
height. The mean wind U at height h was represented by
a power law profile17 representing the earth’s boundary
layer
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where the power law exponent 	 = 0.19 was used to
represent conditions in rural areas. A gradient height hg
= 500 m was used, at which the mean wind reaches its
full speed of Ug.

Turbulent gusts were superimposed on this mean wind.
These were generated with the desired gust statistical

properties,17 including turbulence intensity, scale length
and spectra. The turbulence intensities 
u, 
v, and 
w in
the three orthogonal directions were
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and finally, the three corresponding spectra �u, �v, and
�w are taken from a von Kàrmàn model17 with
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where � is the wave number and a = 1.339. The
following procedure was adopted to generate each of
the three gust components

1. Discretize the wave number axis of the spectrum �j

into N = 50 intervals, each of width ��i = 1.2 ��i-1

i=1,…,N, with �0=0.0001 and ��0 = 0.0001

2. Randomly choose a wave number �i within each
interval.

3. Randomly choose a phase angle 
i from 0 to 2� for
each component.

4. Evaluate �j(�i)/U2

5. Evaluate Ai/U = (2 �j��i/U2)1/2

The above steps are all implemented off-line. The last
step must be implemented during the dynamics
simulation and is a function of position and time.

6. Evaluate the gust speed:
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where x and t are the position along the mean wind
direction and time, respectively. The above
equation implies the use of a frozen-field
approximation17 to relate temporal and spatial gust
correlations.

It is expected that the above model will incorporate the
dominant features of the turbulence statistics, though it
does neglect the spatial correlations in gusts in the
directions perpendicular to the mean wind velocity.

Winch Controllers
In this work, straightforward PID controllers were
implemented since the intention was primarily to
perform an initial comparison of the uncontrolled and
controlled systems. The controller on each winch is
independent of the other two winch controllers and
operates on the position of the payload, which we
presume to be accurately measured. A planar
representation of the geometry is shown in Figure 5.

Ld
i

Li

pd

p

w1 w2

Actual location

Desired location

Figure 5. Control Terminology

The desired location of the payload is at pd=[xd yd zd]T

while its actual location is at p=[x y z]T. The location of
the j-th winch (j = 1,..,3) is at wj = [xw

j yw
j zw

j]T. For
each winch, we can therefore define the desired and
actual distances to the payload as

        jjj
d

j
d LL wpwp ����              ,            (16)

Our winch controller can now operate according to
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where lu
1 is the unstretched length of the first

(lowermost) element in tether j, while lu0
1 is its initial

length.  The motivation behind this approach is that, if
the distance from winch j to the payload is correct, then
the payload lies on a sphere of radius Ld

j centered at the
winch. If all three payload-winch distances are correct,
then the payload lies at the intersection of those spheres

which define the correct desired location of the payload
in 3-D space.

Numerical Implementation
The second order differential equations given by (12)

must now be solved by numerical integration. Each
tether consists of nt elements---and the last of these are
connected at the leash---so that there are a total of
3(nt+1)-2 nodes in the tether system. The leash consists
of an additional nl elements, and, since the lowermost
end node is common to the three tethers, a total of nl
nodes are added to the system, thus leading to a total of
3(nt+1)-2+ nl  nodes in the system. Each node is
modeled by three second-order ODEs (one for each
nodal degree of freedom). However, the lowermost
node of each tether has no differential equations
associated with it because its motion is prescribed.
Furthermore, the aerostat and payload do not add any
differential equations since their effect is lumped into
the leash end nodes. In order to apply a numerical
integration algorithm in standard form, each second-
order ODE is rewritten as two first-order ODEs. This
then leads to a total of of 18nt-12+ 6nl first-order ODEs
to represent the complete system.

The approach taken to solve the system of differential
equations is taken from Reference 18. The particular
integrator chosen is a fourth order Runge Kutta
technique with fixed step size.18 This method gives
accurate solutions for a broad range of problems,
though not necessarily with optimum efficiency.
Because the system of differential equations is large
(180 first order ODEs for nt = 10, and nl = 2), and the
cable material is stiff (E=1.7�1010 Pa), a small time step
had to be used to avoid numerical instabilities and
ensure an accurate solution. Accuracy tests were made
to ensure that an appropriate time step was used,
ultimately leading to a time step of 1 ms.

Numerical Results
The particular configuration simulated was one in which
the payload’s desired position was at a fixed point on a
hemisphere of radius R = 500 m whose center lay on the
earth’s surface. The winches were each located 1200 m
from the hemisphere’s center and configured
symmetrically 120o apart. The desired location of the
payload is specified by its zenith �za and azimuth �az
angles, shown in Figure 6.

From this geometry, we find that the desired position
coordinates of the payload are

� �Tzazaazzaazd RRR ����� cossinsinsincos�p
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 Figure 6. Geometry of Layout

The tether and leash consisted of Samson Spectron rope
of 1.85 cm diameter, with a density of 840 kg/m3 and a
normal drag coefficient of  1.2.  The 500 kg payload
was contained in a sphere of 6 m diameter, while the
spherical aerostat had diameter of 19.7 m, a mass of
610 kg, and a gross buoyancy of 40870 N.

The simulation described above was first validated by
comparing its steady-state results against an
independently-generated statics simulation.8 All results
matched within a fraction of a percent, both with and
without steady winds (no turbulence).

A range of test cases at different azimuth and zenith
angles was then run, for a variety of wind conditions.
Two sets of results are shown here to highlight salient
features of the system’s performance. The first set of
results compares the uncontrolled and controlled
behavior of the system when �za = �az = 0 i.e., the
desired payload position is directly above the center of
the main reflector. The mean wind and turbulence are
absent for the first 5 seconds, at which time Ug  rises to
10 m/s, directed along zero azimuth. The payload
motion and winch tensions are shown in Figures 7 and
8, respectively, with and without winch control. The
motion is plotted as components in and out of the focal
plane (the plane locally tangent to the 500 m
hemisphere at the desired aerostat location) because
only those errors in the focal plane are of primary
importance.  When  �za = �az = 0, the focal plane is
horizontal and the out-of-plane motion is purely
vertical. The uncontrolled case makes apparent that the
system responds little to high-frequency gusts and acts
as a natural low-pass filter due to its huge scale.
However, the error in the focal plane peaking at 1.5 m is
unacceptable (though detailed ranges of acceptable
motion have not yet been fully defined). When winch
control is applied with kd = 2 s, kp = 5, ki = 5 s-1, the
peak focal plane error is reduced to less than 5 cm.

The second test case shows the performance of the
system for �za = 60o, �az = 0 primarily to highlight the
degradation in system behavior at large zenith angles.
The motion errors and winch tensions are shown in

Figs. 9 and 10, respectively. It was found that at large
zenith angles, the controller gains had to be reduced to
avoid instabilities, indicating that the system is
inherently less stable. The motion of the uncontrolled
system at large zenith angles supports this
interpretation. When compared to the preceding test
case, the system oscillations appear much less damped.
For the large zenith angles, it was also difficult to find a
stable initial condition, and this is indicated by the non-
zero motion of the system at t = 0. The controller, with
kd = 4 s, kp = 1, and ki = 1 s-1, reduces the motion of the
system, but not as significantly as in the first test case.

Other test cases, not shown here, revealed that the
system is not very sensitive to the azimuth angle of the
payload, and somewhat sensitive to the mean wind
direction. Based on these findings, we expect that a
long-term control solution will have to be adaptive in
nature and change its characteristics at least with the
payload zenith angle. It is also likely that a model-based
controller could be applied to good advantage.

Conclusions
The computer simulation described here provides an
efficient and cost effective method of determining the
effects of different wind conditions and aerostat
configurations  on the tethered aerostat system
described. The key findings of the study are: (a) the
system is relatively insensitive to turbulent gusts and
only responds to the lowest frequency gusts; (b) the
system is significantly less well behaved (i.e. less
stable) at large zenith angles, and (c) simple controllers
developed in the course of this short study appear to be
capable of reducing the motion response of the
confluence point within a few centimeters of its desired
location.

Future work will include incorporation of a streamlined
aerostat model, incorporation of more than three tethers,
improvement of the turbulence model, and an
investigation of adaptive model-based controllers.
Experimental validation at model scale would also be
advantageous to confirm the computer model results.
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Figure 7. Payload Motion for �za = �az = 0 With Control
(solid line) and Without Control (dashed line)

Figure 8. Winch Tensions for �za = �az = 0 With Control
(solid line) and Without Control (dashed line)
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Figure 9. Payload Motion for �za = 60o, �az = 0 With
Control (solid line) and Without Control (dashed line)

Figure 10. Winch Tensions for �za = 60o, �az = 0 With
Control (solid line) and Without Control (dashed line)
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